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Abstract. Parabolic equations on evolving domains model a multitude of applications including
various industrial processes such as the molding of heated materials. Such equations are numerically
challenging as they require large-scale computations and the usage of parallel hardware. Domain
decomposition is a common choice of numerical method for stationary domains, as it gives rise to
parallel discretizations. In this study, we introduce a variational framework that extends the use of such
methods to evolving domains. In particular, we prove that transmission problems on evolving domains
are well posed and equivalent to the corresponding parabolic problems. This in turn implies that the
standard non-overlapping domain decompositions, including the Robin—Robin method, become well
defined approximations. Furthermore, we prove the convergence of the Robin—Robin method. The
framework is based on a generalization of fractional Sobolev—Bochner spaces on evolving domains,
time-dependent Steklov—Poincaré operators, and elements of the approximation theory for monotone
maps.

1. Introduction

Industrial applications involving molding typically result in parabolic PDEs with the non-
standard feature of evolving or moving spatial domains. In order to illustrate this, consider the
production of railway tracks. This process includes two crucial steps, as depicted in Figure 1.
First, the rail is shaped, which involves hot rolling a steel beam with a rectangular cross
section into a rail with an H-shaped cross section. Second, the newly molded rail is solidified
by spraying water on its surface. A basic model for the temperature u of the rail is then given
by a non-autonomous parabolic equation on an evolving domain. That is, for the evolving
domain {€(7)};¢[0,00)» the temperature u satisfies

(1) =V - (@()Vu(®)+(V - w() + BO)u(r) = £(1) in Q).
u(t) =n(tr) ondQ(r), (D)
u(0)=0 in Q(0).
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Figure 1. Left image: sketch of a steel beam Q at time t being reshaped via hot rolling and thereafter
solidified by water cooling. Right image: Decomposition of the steel beam at time t, where Q(t) is
decomposed into Q1 (t) and Q; (1) = Q1 (1) U Qo 7(1).

Here, the time evolution is described by the material derivative
u(t) = ou(t) + w(t) - Vu(r),

and the domain () and its boundary 9€Q(t) evolve according to the known velocity field w.
The precise geometry and assumptions on the problem data will be specified in Sections 2
and 5. For simplicity we will only consider = 0 in (1), but non-zero time-dependent
boundary conditions can be handled as done in Section 6.

Other applications of parabolic equations on evolving domains and hypersurfaces, to
name a few, include: the dynamics of bubbles rising in liquid columns [19] governed by
the Navier—Stokes equations; tumor growth models [5] consisting of reaction-diffusion
equations on surfaces evolving via forced mean curvature flows; spinodal decomposition of
binary polymer mixtures [23] governed by the Cahn—Hilliard equation.

Parabolic equations on evolving domains are numerically challenging due to the time-
dependent geometry and the need for implicit time integration. This all results in large-scale
computations that require the usage of parallel and distributed hardware. In the context of
stationary domains, the domain decomposition method is a common choice that gives rise
to parallel discretizations. The basic idea for these methods is to decompose the domain
associated to the equation into subdomains and thereafter communicate the results via the
boundaries to the adjacent subdomains. As an example, when shaping the train rail one
could, at a fixed time, decompose the rail into three subdomains, where the middle one
is a small region around the deformation zone, see Figure 1. The computational benefit
of this is that each subdomain can be given a tailored spatial mesh. For example, the
deformation subdomain typically requires a finer mesh than the other subdomains. For a
general introduction to domain decomposition methods we refer to [31,34].

From a mathematical perspective non-overlapping domain decomposition methods
can be designed by first proving that the original parabolic equation (1) is equivalent to a
so-called transmission problem. For two disjoint evolving subdomains Q;(¢), i = 1,2, such
that Q(r) = Q; (1) U Q,(¢) and I'(r) = AR (t) N 9 (1), the strong form of the transmission
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problem becomes
i (1) =V - (@) Vu; (1)) +(V - w(t) + B(0))ui (1) = fi(1)  in (1),
ui(t)=0 on 0Q; () \ T'(¢)
fori=1,2, )
ui(t) = uz(t) onI(z),
a()Vuy (1) - vi(t) + a(t)Vus (1) - v2(t) =0 onI'(1),

where v;(7) is the unit outward normal vector of dQ; (1), fi(t) = f(1)|g, ), and u;(1) =
u(®)lg, (1)-

The non-overlapping domain decompositions can then be derived by approximating
the transmission problem. For example, consider the classic Robin—Robin method, first
introduced in [27]. By taking linear combinations of the last two equations in (2), one has
the equivalent Robin conditions

a(t)Vui () - vi(t) + soui (1) = a(t)Vuy(t) - vi(t) + souz(t) onTI'(¢) fori=1,2,

and a method parameter sy > 0. Alternating between the subdomains then gives the Robin—
Robin method as computing (uq‘, ug) forn=1,2,...with

il (1) =V - (a()Vul (1)) +(V - w() + B(0))uf () = fi(r)  in (1),
ul(t) =0 on dQ (1) \ T'(2),
a(t)Vu'{ (1) - vi(t) + sou'f (1) =
a (VU (1) - vi(t)+sou~ (1) onT(2),

ih (1) = V- (a(0)Vul (1)) +(V - w(t) + B(1))us (1) = fo(r)  in Qy(2),
uy(t)=0 on (1) \ T'(2),
a(r)Vuly (1) - vo(t) + souj (1) =
a(t)Vu' (1) - va(t)+soul (1) on I'(7).

3

Here, ug is an initial guess and u] (¢) approximates u; (1) = u(t)|g, (). Note that the Robin-

Robin method is sequential, but the computation of each u!' can be implemented in parallel
when Q; (¢) is a union of nonadjacent subdomains, as is the case in Figure 1.

The well posedness of parabolic equations on evolving domains can be derived via
the framework [3], which relies on a variational formulation where the standard Sobolev—
Bochner solution space

H'((0,7); H'(Q)) N L*((0,7); HY(Q)) 4)

is generalized to evolving domains Q(7). The framework has also been extended to a Banach
space setting [2]. This variational setting constitutes the starting point of the design and
analysis of a wide range of finite element methods for equations on evolving domains. The
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development of continuous-in-time evolving finite element methods have been surveyed
in [9]. The extension to full space-time discretizations via Runge—Kutta and multistep time
integrators have, e.g., been analyzed in [8,21,29]. This type of analysis of full space-time
methods has also been extended to parabolic equations given on solution-dependent evolving
surfaces [22].

Domain decomposition methods have been proposed in the context of parallel time
integrators, as surveyed in [15], and there are several studies concerning the convergence
and other theoretical aspects of space-time decomposition methods applied to parabolic
equations on stationary domains, see, e.g., [1, 11,12, 14,16—18]. However, there is no simple
extension of the standard elliptic theory [31] to parabolic problems on stationary domains,
and certainly not to evolving domains. The main difficulty is that the standard variational
setting for parabolic problems, with solutions in the space denoted in (4), prevents one from
deriving the equivalence between (1) and (2). This is caused by the fact that functions with
the regularity of (4) cannot be “glued” together into a new function with the same regularity,
see [7, Example 2.14].

The goals of this paper are therefore to

(1) prove the equivalence between (1) and (2), by introducing a suitable variational
formulation;

(2) demonstrate that the standard non-overlapping domain decomposition methods,
including the Robin—Robin method, are well defined on evolving domains;

(3) illustrate the applicability of the framework by proving that the Robin—Robin method
is convergent when applied to non-autonomous parabolic equations on evolving
domains.

The main tool used to achieve the first goal is a new variational formulation with solutions
in the evolving domain generalization of the space

H'%((0, 00); L2(Q)) N L*((0, 00); Hy(Q));

see Sections 3 to 6. This resolves the issue with “gluing” functions together without losing
regularity, see Section 7. The H'/?-approach is due to [26] for smooth stationary domains
and extended to stationary Lipschitz domains in [7]. We have also explored a H'/?-setting
for domain decomposition methods for parabolic problems on stationary domains in [11, 12].
The study [6] has also used a H'/?-variational formulation in order to analyze boundary
integral operators for the heat equation on evolving domains. In that work, the standard time
derivative is considered instead of the material derivative, which leads to a quite different
setting than ours.

The second and third goals are reached by reformulating the transmission problems and
the non-overlapping domain decomposition methods in terms of time-dependent Steklov—
Poincaré operators. As these operators become coercive in the new H'/2-setting, one can
prove that several domain decomposition methods are well defined via the Lax—Milgram
theorem and show convergence for the Robin—Robin method via the abstract convergence
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result [28], see Section 8. Note that this new approach even yields convergence in a stronger
norm compared to the previous results on stationary domains [11, 12].

The continuous analysis, derived in this paper, is also expected to hold in the finite-
dimensional case that arises after discretizing in space and time, e.g., by using space-time
finite elements, see, e.g., [32]. However, in order to limit the scope of the paper we will
restrict ourselves to the continuous case. The features and implementations of full domain
decomposition finite element discretizations will be studied elsewhere.

Throughout the paper, we will use the notation R, = (0, ), Rg = [0, ) and ¢, C will
denote generic positive constants.

2. Evolving domains

Let us describe the geometric setting. Assume that we have a bounded Lipschitz domain
Q(0) c R", with n = 2, 3, such that

Q(0) =Q1(0) Uy (0),
where Q; (0),i = 1,2, are bounded Lipschitz domains that are disjoint with common boundary
I'(0) = 0Q1(0) N 9Q(0).

We assume that I'(0) is a (n — 1)-dimensional Lipschitz manifold. Note that all results will
also be valid for the case n = 1, but with a slightly altered notation. It is also possible to
replace €;(0) by a union of K; nonadjacent subdomains, i.e.,

K;
Qi(0) = |_JQu.x(0),
k=1

see Figure 1, without any change to the analysis.
We now consider ©(0) to be evolving in time, resulting in a domain Q(¢) at a later
time ¢. To this end introduce the velocity field

w: Ry xR" - R"
together with the corresponding transformation ®: R{ x R — R" given by
%@,(x) =w(t,®,;(x)), teR,, dyx)=nux,
for all x € R". We will assume that this evolution has the properties described below.

Assumption 2.1. The velocity field w generates a transformation ® such that
(i) @ is an element in C'(RY x R", R"™) and satisfies the bound

sup [Pl gy pny < € <0
teR,

for every fixed ball B, = {x € R" : |x| < r}, where C = C(r).

5
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(i)  The inverse map ®_ : (t,x) — (®,)~ ' (x) exists and satisfies the same regularity
and bound as .
The domain at time ¢ is then defined as
Q(1) = @,(€(0)).

The above properties of ®@ imply that Q(z) is also a bounded Lipschitz domain with boundary
0Q(r) = ®,(9Q(0)). Furthermore, the Jacobian D®; (x) = {dx, D, (x);},; is well defined
and its inverse is given by

(D®,)™! (x) = (DD_,) (D (x)).
We also introduce the determinants
Ji(x) = det(D®,(x)) and J_,(x) =det(DD_,(x)) = 1/J, (P, (x)).
Regarding the partition of the domain, let us write
Qi (1) =@, (Q(0)), i=1,2,

for the evolution of the disjoint components. Once again, the assumed properties of @ give
that all interiors are mapped to interiors and boundaries are mapped to boundaries, thus we
obtain the bounded Lipschitz subdomains ;(¢) with the boundaries

0Q; (1) =<Dt(69i(0)), i=1,2.
We also have
<I>t(l"(0)) =0, (691 0)n 692(0)) =0, (691 (O)) N @, (692(0)) = 0Q(t) NI (1),

and hence the interface I'(0) between Q; (0) and €, (0) is mapped onto the interface between
Q,(t) and Q;(¢), which we shall call I'(¢), i.e.,

I(f) = 991 (1) N I ().

The set I'(z) is again assumed to be an (n — 1)-dimensional Lipschitz manifold. This setup
is exemplified in Figure 2. Next, we observe a few more properties of ®. Let Q(0) C B,,
then Assumption 2.1 yields that

sup sup |D;(x)| < C.

teR; xeB,

Hence, there exists a ball Bg that contains all trajectories of @ starting in (0), i.e., Q(¢) C
Bpr for all ¢t € Rg. We can therefore view ® and ®_ as maps restricted to B, and Bg,
respectively, where

® € Cp(R%; CY(B,,R") and @_ € Cp(RY; C'(Bg,R")). Q)
Furthermore, there are constants ¢, C > 0 such that
che =yl <@ (x) =@ (y)| < Clx—y[ and c< [Ji(x)|<C (6)
forallx,y € B, andt € Rg. These bounds also hold for ®_, and J_; with x,y € Bg.
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Figure 2. An example of an evolving domain decomposition with an interior domain Q; and an
exterior domain €2;.

3. Abstract time-evolving function spaces

In this section we start by generalizing parts of the abstract framework of [2, 3] to a semi-
infinite time interval. We then define a notion of a generalized Sobolev—Bochner space that
allows in particular for fractional-in-time exponents. This theory will enable us to define
the function spaces that we need on the various evolving domains and boundaries from the
previous section. We begin with a notion of compatibility, see also [2, Assumption 2.1].

Definition 3.1. Let X = {X(¢)} teRrY be a family of real separable Hilbert spaces and let
¢ X(0) - X(2)

be a linear and invertible map, with its inverse denoted by ¢_,. The pair (X, @) is said to
be compatible if

(i) ¢ is the identity,
(ii)  there exists a constant C independent of t € R such that

geullxry < Cllullxoy forallu e X(0),
lp—rullxoy < Cllullxqy forallu € X(1),
(i) forallu € X(0), the map t v ||¢;ullx () is measurable.

If (X, ¢) is compatible, then as done in [2, 3], we may define the L2-space as

LY(Ry) = {u:Ry — U X(t) x {t} : t = ((),) such that ¢_ii € L*(Ry; X(0)) }.
teRy

We will abuse notation and simply write u instead of . This is a separable Hilbert space,
with the inner product

(u,v)Li(R” =‘/R+(u(t),v(t))x(t)dt;
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compare with [3, Theorem 2.8]. The map
¢: L*(Ry; X(0) — Ly (Ry)

then acts as an isomorphism with an equivalence of norms, see [3, Lemma 2.10]. In addition,
if (X, ¢) is compatible then so is (X*, (¢-)*), where ¢* : X (¢)* — X (0)* denotes the dual
map of ¢. One also has that L%(RJr)* =~ L%, (R,) and

(80012, (mo)x12(Ry) = /R+ (&), v(t))x (1) xx(r)dt

= ("8 $-0) 12k, X (0)) x L2 (R,:X(0))
See [3, p.6 and Lemmas 2.14—15] for the above statement.
Definition 3.2. For a space Y < L*(R,), we use the notation
Yx(Ry) = {v € LY (Ry) : ¢_v € Y(Rs; X(0))}.

The norm on Yx (R.) is defined as

lollyy r,) = ll¢-vlly =,:x(0))-
A consequence of the above is that the restricted map
$: Y(Ry: X(0)) > Yx(R,)

is by definition an isometric isomorphism. Note that the above definition of || - ||y, (r,)
yields an equivalent norm to || - || L2(R,) for Y = L?>(R,), due to compatibility of (X, ¢).
However, the norms do not necessarily coincide.

Lemma 3.3. If (X, ¢) is compatible and Y (R+; X (0)) is a separable Hilbert space, then
Yx(R,) is a separable Hilbert space.

Proof. Take a Cauchy sequence {y,} belonging to Yx(R,). By definition, for every € > 0,
there exists an N such that if n,m > N, we have

lp-yn = d-ymlly ®o:x(0)) = I¥n = Ymllyg®,) < €

As Y (Ry; X(0)) is a Hilbert space, ¢_y, — z in Y (R4; X(0)) to some z € Y (Ry; X(0)).
Since ¥ (R+; X(0)) is a subset of L*(R,; X (0)) and we have compatibility, it follows that
¢z € L%. Hence, ¢z € Yx(R,). We have

lyn = dzllyg ) = 16-yn — zlly r,:x0)) = O

as n tends to infinity. Thus, the sequence {y,} is convergent in Yx (R, ). This shows that
every Cauchy sequence converges, hence it is complete and a Hilbert space.
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For the separability, if {e;} is a countable orthonormal basis of Y (R+; X (0)), we can
write an arbitrary z € Y (R; X(0)) as z = Y(z, €;)y (r,:x(0))€i- Then we have

¢z = 2i(z, ey ®r.:x(0)) pei = 2 (92, pei)yy (v, ) Pei-

Since any element of Yx (R,) can be written as ¢z for some z € Y (Ry; X(0)) and because
Lg( and L? (R+; X(0)) are isomorphic via ¢, we see that {¢e;} is a countable dense subset
and thus the space is separable. ]

Consider a space ¥ < L?(R,) and assume that ¥ (R+; X(0)) is a separable Hilbert
space. Next, introduce two compatible pairs (X, ¢) and (Z, ¢), where Z(t) <— X(t) for all
t € R,. The subset

Y (R X(0)) N L*(Ry; Z(0)) € L* Ry X(0))
then also becomes a separable Hilbert space when equipped with the inner product

u, v = (U, 0)y (R,:x(0) + (U V) 2R, 2(0)) -

The same holds for Yx (R;) N L% (Ry) € L%(I&) by Lemma 3.3. The restriction of the map
¢: L?(Ry; X(0)) = LE(Ry), ie.,

¢: Y (Ri3 X(0)) N L2 (Ry3 Z(0)) = Yx(Ry) N L (Ry),

is an isometric isomorphism.

4. Compatibility for spaces defined on evolving domains

In this section we wish to apply the theory of Section 3 to concrete function spaces on
evolving domains and boundaries. This mainly involves checking that compatibility holds
in the sense of Definition 3.1. The results here improve those present in [2—4] because we
assume much weaker regularity on the domains and the evolution than there.

LetM ={M(t)}, eRY be a family of Lipschitz domains, with M (0) ¢ B, c R" and M (¢) C
Bgr c R”", playing the role of Q; or Q. Similarly, let S be a family of (n — 1)-dimensional
Lipschitz manifolds representing either 0Q2;, 0Q, or I". We refer to [24, Sections 6.2-3]

and [30] for an in-depth treatment of Lipschitz manifolds and the related surface integrals.

In the setting of evolving domains, we will consider two families of compatible pairs
given by the maps ¢ and y relating to function spaces over M and S, respectively.

Definition 4.1. The maps ¢ and , together with their inverses, are identified as the
compositions

() dru=uo®_, and ¢_u=uod,

(11) lﬂtu =uo ((I)—tls(t)) and (ﬂ_tu =yo (CDt|S(0)),

9
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respectively.

Note that this choice of ¢ and y trivially fulfills the first compatibility property of Defi-
nition 3.1. For notational simplicity, we also make use of the notation ¢, ¢ for matrix-valued
maps, e.g., for A : M(0) — R™ " we can write

¢-1A(x) = (Ao @) (x) = A(D; (x)).

The task is now to prove the remaining compatibility properties for the function spaces
arising when deriving the weak formulation of (1).

4.1. Spaces on the interior

Lemma 4.2. If Assumption 2.1 holds then (L*>(M), ¢) and (H' (M), ¢) are compatible
pairs.

Proof. We prove the H! case as the L? case follows by a simpler argument. To prove the
second property of Definition 3.1, consider u € H'(M(0)) and v = ¢,u € H'(M(t)). One
then has, pointwise a.e., the formulae
V(g_v) = (DD) ¢ (Vo) & Vu =(DD) ¢_(Vpu) &
¢ (Vou) = (DD)'Vu & ¢_(Vpu) = (¢, DD_,) Vu.

This yields the identities
ol =/ (6ol + [Vo,ul? dx
t HI(M(t)) M(t) t t t
- / ot (160l + 19 ,l?) 1] dro
M(0)
_ 2 T 2
- / W21+ (6 DD_) VU, do. ™
M(0)

By Assumption 2.1 we have D®_ € C(R? x R",R™™), |J| € C(R? x R*,R), and the bound

sup sup |(¢—DD_,)" (x)|3 1J: (x)]
teRy xeM(0)

< sup sup [(DD_) (y) |31 (x)]
teRy xeM(0),yeM (1) (8)
<sup sup  max 609y, D_ ()il |0y, Py (x)i]"
teR, x€B,,yeBg Lj=l..n

2

< C(”)(Sup ||q)—t“cl(ﬁ,Rn)) (sup ”(I)t”Cl(B*hRn))n < 0o,
teR, teR,

where | - |; and | - | ¢ refer to the Euclidean and Frobenius matrix norms respectively. Hence,

the second term of (7) is bounded by C||Vu ||i2 (M(0).R") and a similar argument for the first

term yields that ’

Igettll e arryy < Clullgi vy forallu € H' (M(0)),



Transmission problems and domain decompositions for parabolic equations on evolving domains

with a constant C independent of t € R?. The reverse bound, i.e., lp—cull g1 (ar0yy <
C |lull g1 (a1 (1)) holds as the very same properties are assumed for @ and @_.
We finally consider the third property of Definition 3.1. Again by Assumption 2.1, we

have that |J| € L* (Ry; L (M (0))) and hence |J|: Ry — L*(M(0)) is strongly measurable.

By Pettis’ theorem, it is also weakly measurable. For an elementv € L (M (0)) the functional
g(v) = /M(O) u?v dxg clearly satisfies g € L® (M (0))" since u € L*(M(0)). Thus

t > g(1di]) =/ W17, dxo
M(0)

is measurable. This yields measurability of the first term of the integral (7). A similar
argument gives measurability of the entire integral. ]
4.2. Spaces on the boundary

Let us now address function spaces defined over boundaries.

Lemma 4.3. If Assumption 2.1 holds then (LZ(S), ) is a compatible pair.

Proof. For simplicity, we first consider the case n = 2. The curve S(0) is then the union of
finitely many open, overlapping sets

Se(0) = {x € R?: x(&) = A, (&, 0¢(&)) " for & € [a,a]}.

Here, 0 : [—a, a] — R are Lipschitz continuous maps, and A, are affine transformations,
i.e., Apx = Apx + by, where A, are orthonormal matrices with detA; = 1. The curve integral
over S(0) can then be defined as

M a
/S , vdn - ; / (e (x(6) e (€)1 .

with the tangential derivative xs = Agl(l, 0'(’,)T € L™(S¢(0), RZ), for any partition of
unity {¢,} € C(S(0)) of the curve S(0). Note that the regularity of x, follows by the
Lipschitz continuity of o, see [24, Theorem 6.2.14]. Also observe that the denominator
lxg|* = 1+ (07))? is nonzero.

Let y(&) = ®;x(€), then y s = D®, (x)x¢. Furthermore, if {¢/} € C(S(¢)) is a partition

of unity of the curve S() then {y/_;¢,} C C(S(0)) becomes a partition of unity of S(0).

We then have

M a
d t = d
/S L ads ; / (@) (&) Iy ()] d¢

g ra xg(€)
=> / (9v) (®rx(£)) ‘Dd%()c(f)) b
t=1Y74

©
e @) lxe (£)1dE

_ / (-0 (x) a4 (x) dso,
S(0)

11
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where wy; (x) = |D®, (x)7(x)| with 7 € L®(S(0), R?) denoting the normalized tangent
vector of $(0). By Assumption 2.1 we obtain that wy € L*(Ry; L*(S(0))) as

w1 (x) < D@ (x)2]7(x)[2 < sup [DD;(y)|F -1

veso (10)

< sup sup max n|c’) @, (y);| < C sup ”q)f”CI(B Rn) <
teR; yeB, i,j=1,..., teR,:
for a.e. x € §(0) and every ¢ € R,.
From (9) it is clear that _,v € L'(S(0)) if v € L'(S()) and y,v € L' (S(2)) if v €
L'(S(0)). Next, consider u € L?(S(0)). Replacing v by ,u? in (9) yields that

el r2(s(ey) = e Vol 2 sy < Cllullrziscoy) -

Here, the constant C is uniform in time by (10). The reverse bound of Definition 3.1 follows
by simply replacing S(¢) with S(0) and vice versa in the above argumentation.

The measurability, i.e., the third property of Definition 3.1, can be shown in a similar
way to Lemma 4.2. Hence, (LZ(S), y) is a compatible pair for n = 2.

The compatibility for n = 3 follows in the same fashion with

Se(0) = {x € B x(é) = A7 (61,62, 00(8)) " for & € [~a,al’),
x¢ replaced by 0gx X Ogx, and w, ; replaced by

ID®; (x(£)) 3¢, x(£) X D (x(£))dgx(8)]
10,x(§) X 9gx(8)] '

Note that the replaced terms are all in L™, [0zx X (')52x|2 =1+ 22 1(0¢, o¢)? is nonzero,
and the bound (10) holds as Ax X Ay = det(A)A™Tx x y. [

w3 t( (f))

Regarding Sobolev spaces over the manifolds S, we introduce the space H'/ 2(S(t))

defined as
H'2(S(1)) = {u € L2(S(®)) : llullgrz(sy) < oo} with

/
el = (1 gs ey * 140225y ) and

|u(x) — M(y)|2 172
let| g1/ = / / ds ds) .
HEEO ™ Jsoy Jsoy~ poyd

Denoting the extension by zero from I'(¢) to dQ; () by eaq, (1), we also define the Lions—
Magenes space as

A(t) = {u € L*(T(t)) : eaq;ryu € H'*(0Q:(1))}  with
lullac) = lleaes iy ull o, (1) -

By [34, Lemma A.8] one has the identification A(z) = [Hé/2 (T(0), L2 (T()]1/2, ie., A1)
is independent of i = 1,2. The space H'/ 2(S(t)) is a separable Hilbert space, and the same
therefore holds for A(¢).
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Lemma 4.4. [f Assumption 2.1 holds then (HI/Z(S), ) is a compatible pair.

Proof. The proof is not dissimilar to the discussion in [4, §5.4.1]. With the same notation
as in Lemma 4.3 we have

yiu(y) = yiu(3)[*
[y ul? =/ / — ds;ds
TRHESO) T Jgoy Jsa ly =9I o

_ / / lu(P_; (y)) - LA’(@‘f(ymz ds,ds;
S(1) JS(1) =3l

B 2
/ / Cu(x) —u®]* Wny (X)wn.¢ (%) dsodso (11)
S(0) J5(0)

@ (x) - @, ()"
|u(x) —u(®)]” u(®)[* .
=¢ /S(O) /S(O) Wt (X)wn,¢ (X) dsodso

e — x|

_ 2
< / / |u(x) —u(X)] dsodso.
5(0) Js(0) |X bl

where the constant C is uniform in time. The bounds follow as ®; and w,, fulfill (6)
and (10), respectively. Since the bound for ||y u||2(s(;)) follows as in Lemma 4.3 we have
Yo HY2(S(0)) — H'2(S(t)) and

Wl gz (siey) < Cllullgrziso)-

A similar argument gives the same result for ¢ _;.

Finally, we prove the third property of Definition 3.1. By Assumption 2.1 we have that
®: R — C(S(0)) and w,,: Ry — L*(S(0)) are continuous. Hence, the integrand in (11)
is continuous in time for all fixed x, X excluding the zeros set where w,, ; is undefined and
x = X. The set violating the latter condition is again of measure zero. The said integrand is
bounded from above by
|u(x) —u(®)[?

e — %"
via (6) and (10), and this function is integrable and independent of time. We may therefore
apply Lebesgue’s dominated convergence theorem to deduce that the right-hand side of
(11) (and hence also ||, ul| g1/2(5(;))) i continuous with respect to 7, thereby yielding the
sought-after measurability. [

C

Lemma 4.5. If Assumption 2.1 holds then

€oQ; (Yt = Yrean; (o)
forallu € L*(T(0)).
Proof. By Lemma 4.3, one obtains that eq, (1)t and ¥ e, (o) are in L?(8Q;(1)). We
therefore have, for a.e. x € 0Q;(¢),

(Yru)(x) ifx € T(2)

(e()gi(t)l//tu)(-x) = {0 ifx e 0QI(I)\F(I),

13
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while on the other hand

w(®-(x)) if d_;(x) € T(0)

(Yreaq; 0yu) (x) = (eaq; 0)u) (P—¢(x)) = {0 D, (x) € 9 (O\L(0)

@) ifxeT@)

o if x € 0Q;(H\T'(1).
Here we used that ®, (9€;(0)) = 9Q;(¢) and ®,(I'(0)) = I'(2). n
Lemma 4.6. If Assumption 2.1 holds then (A, ) is a compatible pair.

Proof. Let u € A(0) then esq, (o)1 € H'2(89;(0)). By Lemmas 4.4 and 4.5, one obtains
that

Urean, (o) = ean, (W € H'?(0Q(1)).
From the definition of A(f) (cf. [10, Lemma 4.1]), there is a unique element v € A(z) such
that egq, 1)V = eaq; (1)W1, i.€., Y, u = v. Hence, y; maps A(0) into A(z). By the definition
of ||-|l5(r) together Lemmas 4.4 and 4.5, we have
Wreullpey = ||‘369i(t)‘/’t”||yl/2(ag,~(z)) = ||¢’fef’9i(0)”HH‘/2(aﬂi(t))

<C ”6591'(0)14”1-11/2(391.(0)) =C ”uHA(O) .

The same line of reasoning can be made for _ and the measurability of 7 — ||y, ull ()
follows just as in Lemma 4.4. Hence, (A, ) is a compatible pair. |

To tie together the functions over M and S we consider the linear, bounded, and surjective
trace operator Taq, () : H' (Q: (1)) — H'?(0Q;:(1)), see [24, Theorem 6.8.13], together
with the space

Vi(t) ={u € H' (Ql(t)) : (Tagi(’)u)|69,-(t)\l"(t) =0}

The spaces V;(¢) and Hé (Qi()) are both equipped with the norm || - || ;1 (©:(r)) and are
separable Hilbert spaces. For future reference, we also introduce the trace operator on V;(¢)
by

Ti: Vi(t) =A@, u (Tog,@)|p, »

which is again linear, bounded, and surjective, see [10, Lemma 4.4].

Lemma 4.7. If Assumption 2.1 holds then

To0, (1)1t = Ui Taq, 0w and  T;¢v = ¥, T; ov

forallu € H'(Q;(0)) and v € V;(0).
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Proof. For ¢ € C*(LQ;(0)), we have

To0, (1) (:9) = Tag, (1) (¢ © @—s) = (¢ 0 P_¢)log; (1)

with the second equality because ¢ o ®_, € C(€Q;(0)) due to (5). We also have

Vi (Taq, 0)@) = Wi (@lag; 0) = lag; 0) © (P—tlag; 1)) = (¢ 0 P_s)|ag; (1)

with the final equality because ®; maps 0Q;(0) to 9L;(¢).
For an arbitrary u € H' (Q,-(O)) take a sequence {u,} C C*(9Q;(0)) converging to u.
One then has the equality

Toq; (1) (run) = ¥ (Tog,; (0)Un)-

The trace operators Tao, (s) : H'(Q:(s)) — H'?(Q:(s)), s = 0, ¢, are continuous and,
by Lemmas 4.2 and 4.4, the same holds for ¢, : H' (Q;(0)) — H' (Q;(¢)) and ¢, : H'/?(0€;(0)) —
H'/2(99;(t)). Hence, we obtain that the lemma’s first equality holds in H'/?(9€;(1)). The
second equality follows by Lemma 4.6 and the same line of argumentation. The only differ-
ence is that the restrictions are made to I instead of Q;, and {u, } C {¢ € C*(9Q;(0)) :

¢laa; 0)\r(o) = 0} =

Lemma 4.8. If Assumption 2.1 holds then (Hé (Q), ¢), (H(l)(Q,-), ¢), and (V;, ¢) are all
compatible pairs.

Proof. We prove the V; case as the others follow directly by combining Lemmas 4.2 and 4.7.
For u € V;(0) ¢ H'(Q;(0)) we have ¢,u € H'(Q;(r)) and (Tagi(o)u")|69,—(0)\r(0) =0. As
{p € C=(0R:(0)) : ¢lyg, 0)\r(o) = 0} is dense in V;(0), we can choose a sequence {u,}
in this dense subset such that it converges to u. Lemma 4.7 then implies that

(TGQi(t)¢tun)|6ﬂi(t)\r(,) = (thBQ;(O)un)laQ,.(,)\r(,) (12)

= (”n|agz,-(0)) o (q)—z|asz,-(z)\r(t)) = ”n|ag,-,(o)\r(0) =0.

Here, the second-to-last equality follows as ®; maps 0€Q; (0)\I"(0) to dQ; (£)\I'(¢). The map
Too; ()¢ H'(Qi(0)) — H'/2(Q;(1)) is continuous by Lemma 4.2, and taking the limit
in (12) yields that (Tﬁﬂi(t)¢f”)|ag,»(z)\r(z) = 0in L*(0Q;(t)\I'(¢)). In conclusion, ¢ maps
V;(0) into V;(t), and the same reasoning can be made for ¢_. The bounds and measurability
stated in Definition 3.1 follow as for H'(Q;(¢)) in Lemma 4.2. Thus, (V;, ¢) is a compatible
pair. [

Due to the results derived in Sections 3 and 4, the maps (¢, ¢) are isomorphisms with
equivalent norms on all the Sobolev—Bochner spaces and their intersections appearing in
the rest of the paper, with the one exception of the space Hé (Ry; H71(2:(0))).
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5. Weak formulation and existence of solutions

We now address existence of weak solutions for (1). First, we set the stage. Let M once
more play the role of Q;, Q, where M (0) C B, and M (¢) C Bg. Furthermore, g will either
denote f, the right-hand side of (1), or its restriction f; to €;. Throughout this section X
will denote H})(Q) or H)(;), and

U=H!

LZ(M) (R+) N L (R+)

Definition 5.1. The weak form of (1) and its counterpart on Q; (which all have homogeneous
initial conditions) can be formulated as finding u € L? x (R4) such that

a(u,v) =d(¢p_u,p_v) +c(u,v) ={g,v) forallveU, (13)

where

d(u,u):—// u o |J; | dxodt, and c(u,v):// aVu - Vv + Buv dx,dt.
Ry J M(0) Ry J M(2)

The weak form can be derived as follows. First, note that we formally have the identity

d d
Eu(t’ D, (x)) = (Ou+Vu-w)(1,®,(x)) & Eqﬁ_tu =¢_u (14)
and Jacobi’s formula

d d
EJt(x) =V-w(,®(x)) ) (x) & 51, =¢_(V-w),. (15)

Observe that if Jacobi’s formula holds then it implies thatd|J | /df = ¢, (V - w)|J;|. Consider
sufficiently regular functions u, v such that ¢_, (u(7)v(z)) decays sufficiently rapidly as
tends to infinity and v(#)|g(,) = 0. Integration by parts in time together with (14) and (15)
then gives

/ / I/.ldetdtz/ / ¢,tﬂ¢,tv|.]t|d)q)dt
+ I M(1) + < M(0)

/ / d_(¢ 1) ¢—0|J; | dxodt

R, JMm(0) df

d
_/ / ¢d_ru — (¢_;v|Js]) dxodt
R, J M(0) dr

viim [ o)l Vel dro - / (u0)—o 1ol dxo
M (0)

d
[ [ b (G @0+ 6o (T W) dro
R, JM(0) !

—/ (uv),=o dxo
/ / _(¢—t0)|-]t|dxodt—/ / (V- w)uv dx,dt
" M(O dr LM

- / (uv)];=o dxo.
M(0)
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The above equality and integration by parts in space yields

// (1 =V - (aVu) + (V- W+ B)u)vdx,dr
Ry JM(1)

d
= _/ / ¢t —(p_r0)|J;| dxodt — / / (V- w)uov dx, dr
R, JM(0) dr R, JM()
—/ (uv)];=9 dxo
M(0)
+/ / aVu-Vv+(V'W+B)uvdx,dt—/ / aVu -nvds,dt
+ JM(1) Ry JOM (1)

d
=_/ / ¢—tu_(¢—tv)|~]t|d~x0dt+/ / aVu - Vo + Buv dx,dt
L+ JM(0) dr R, JM (1)
—/ (uv)];=o dxo, (16)
M(0)

which justifies the definition.
Now, in order to have a well defined weak problem, we assume the following.

Assumption 5.2. The problem data (a, B, W, f) in (1) fulfills the properties
(i) a,BeL®(Ry;L¥(BR)), and w € L® (Ry; W (Bg,R"));
@) a(t,x) =2c>0ae (t,x) € Ry X Bg;
(iii) there exists a constant ¢ > 0 such that

1/2V -w(t,x) + B(t,x) > c,

fora.e. (t,x) € Ry X Br;
@{iv) fe Li_l(g)(l&) and there exist f; € L%’F (Ry), i = 1,2 such that

(f.0) = (f1.¢((3-0) |z, 0))) + (2. 6((¢-V)|r,x0,0)) )
forallv e Lil(} @ (Ry).

Note that if Assumptions 2.1 and 5.2 hold then the right-hand side of (15) is an element
in L®(Ry; L¥(B,)), i.e., J, |J], 1/|J| € W2 (R4; L*(B,)). To avoid a few technicalities
we also assume the following.

Assumption 5.3. The map |J| is an element in L™ (Ry; W'*(B,)).
This assumption also yields that 1/|J| € L= (Ry; W'*(B,)). Next, we introduce
D={ue LZLZ(M)(R+) t¢-u = vlg, xpr0) Withv € CF(Rx B,)} and -
Do={ue L2L2(M)(R+) L Pou = vlz, a0 Withv € CP (R x M(0))}.

Lemma 5.4. IfAssumption 2.1 holds, then D and Dy are dense in Hiz (M) (Ry) and Li(RJr),
respectively.

17
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Proof. By Assumption 2.1, we have that ¢: H'(R; L2(M(0))) — H;}(M) (R,) is an iso-
morphism with an equivalence of norms, and it is therefore sufficient to prove that ¢_ (D)
is dense in H'(R,; L?(M(0))). To this end, observe that C;° = {u : ¢_u = v|z, withv €
Cy(R)} is dense in H'(R,) and C5° = C3°(M(0)) is dense in L*(M(0)). We then have
that the algebraic tensor space C}° ® C5° C ¢ (D) is dense in the completion of H IRy ®
L?(M (0)). The latter space is isomorphic with an equivalence of norms to H' (R,; L2(M (0))),

see [11, Section 4] for details. Hence, D is dense in H iz ) (R4). The density of Dg in

L%(I&) follows by the same argument. |

Lemma 5.5. If Assumptions 2.1 and 5.2 hold then
d(¢-u,¢_u) > / / (1/2V - w)u?dx,dr  forallu € Hiz(M) (R,).
Ry JM(2)

Proof. For an arbitrary v € ¢_ (D) we have

d(v,v)z—// v 0 |J¢| dxodt
Ry JM(0)

=// Ht(vlJ,l)vdxodt—lim/ ¢,TUZ|JT|de+/ v? dx
+ JM(0) T=e JMm(0) M (0)

= / / v OV |Jl| dxg dt +/ / U2¢_t(V . W)lJt|dX()dt + / 1)2 dxg
Ry J M (0) Ry JM(0) M(0)
> —d(v,v) +/ / ¢_i (V- w)o?|J,| dxodr.
R, JM(0)

Here, the limit term is zero as v has a compact support in time. With u = ¢v € D the above

inequality is equivalent to

d(¢_u,¢_u)2// (1/2V - w)u? dx,dr.
Ry J M(t)

L) (R.),as the bilinear form d (¢ (), p_(*)): HiZ(M) (Ry)

HéZ(M) (R4+) — Ris continuous and P is dense in Hiz(M) (R4) by Lemma 5.4. |

The bound is also valid forall u € H'

Before we proceed, we introduce the trace operators on the space-time cylinder R, X
M (0). By considering tensor operators, compare [11, Section 4], we can extend the spatial
trace operators on M (0) (see Section 4) to

Tomo): L*(Res H' (M(0))) — L*(Ry; H'?(0M(0))),

18
Tro: L*(Re;Vi(0)) — L2 (R4 A(0)), (e

which once more are linear, bounded, and surjective. Furthermore, we have the equality

Tiov = (Tag, (0) v)\mr(o) for all v € L?(Ry; Vi (0))
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and, by [11, Lemma 4.2], the identifications

L*(Ry; X(0)) = {v e L*(Re; H' (M(0))) : Tomr(oyv =0} and

19
L*(Ry;Vi(0)) = {v € L*(Ru; H' (2:(0))) : (Tagi(0)v)|R+X(6Qi(O)\F(O)) =0}. (19)

Lemma 5.6. If Assumptions 2.1, 5.2, and 5.3 hold and v € ¢_(U) then |J|v and 1/|J|v are
also elements in ¢_(U).

Proof. If v € ¢_(U) then, by Assumption 5.3 and the chain rule, one trivially obtains that
|/|vis an element in H' (Ry; L2(M(0))) N L?(Ry; H'(M(0))) and that the map v + |J|v is
continuous in L2 (R; H' (M (0))). It remains to verify that |J|v € L?(Ry; X(0)). As Dy ¢ U
is dense in Li(RJr) and |J| € C(Ry X R",R), we can choose a sequence {v,} C ¢_(Dy)
that converges to v in L*(R.; X (0)) and obtain that

Tam (o) (|]v) = Tim Tonr(0) (1/10a) = Tim (M1om) &, om0y = O-

Hence, |J|v is also an element in L2 (R+; X(0)), i.e., |J|v € ¢_(U). The very same argumen-
tation also holds for 1/|J|v. |

We can now prove the existence of a solution to (13) with homogeneous Dirichlet
boundary conditions. The proof closely follows [7, Lemma 2.3] and is based on Lions’
projection lemma, see [25] or [13, Lemma 2.4] for an English proof.

Theorem 5.7. If Assumptions 2.1, 5.2, and 5.3 hold, then for every g € Lgf* (Ry) there
exists a solution u € Li(RJr) to (13) such that ¢_u € H(l) (Ry; X(0)*) and

1/2
(Il ) + 108 D=2 5 0y) ™ < Clglliz, e, (20)

Proof. Consider the bilinear form a : Lg((RJr) X U — R and observe that u — a(u, v)
is continuous on Li(RJr) for every fixed v € U. For u € U we have, by Assumption 5.2
and Lemma 5.5, that

a(u,u)z// a|Vul? + (1/2V - w+ Bu® dx,de > cllull3, o .
R, JM (1) (Ry)

Hl (M)
Furthermore, Dy c U is dense in Li(RQ via Lemma 5.4. These properties of a yield that
the hypothesis of Lions’ projection lemma is fulfilled, i.e., there exists a solution u € Li(RJ,)
to (13) such that
”“”Li(]&) = C||g||L§(* (Ry) 2D

Here, we have used that L3 (R,)* = L%, (R,), see Section 3.
It remains to show that we have the higher regularity ¢_u € Hé (Ry; X(0)*). To this
end, let ¢ € C°(R,+) and w € X(0). With v = wep we have that ¢v and |J_|¢v = ¢(1/]J|v)

19
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are elements in U, the latter by Lemma 5.6. Furthermore,

- ¢—u(t) wdxo )¢’ (1) dt
= M0

= [ [ om0/l = 3,01/1510) 9] s
R, JM(0)
= d(¢_u,6_(1]_1gv)) + / / 8y (Vi 1) 11| 6 gt v gl
R, JM(0)
= (@ W-100)13, gy~ liolon s [ [ 8,11 il oo droar
X R, JM(0)
= [ (tetor 6.0/ sx00
- /M T T 115 + Bt (1) 22)
t
# [ 0D U g-wdn o
M (0)

= [ 0.w)x0rxo el .
R,
where p € L?(R,; X(0)*) and
IPll2®,x0)) < C||1/-,||L°°(R+;W1~°°(B,))”g”Lg(*(RJ()
+ ClI /M Lo i ) el 22 ()
+C||1/J||WL°°(R+;L°°(B,))||J||Lm(R+;Lm(B,))||”||Liz(M)(R+) (23)
< Cllgllz2, .-

The last bound follows by (21). Hence, 8;¢_u € L?(Ry; X(0)*),i.e., ¢_u € H' (Ry; X(0)*),
and (20) follows by the bounds above. As

L?(Ry; X(0))) N H' (Ry; X(0)*) = C(RY; L*(M(0)))

we have that (¢_u)|,_o € L?(M(0)). Combining (13) and (16) yields (¢_u)|,—o =0, and thus
¢_uce Hé (R4+; X(0)*), compare with [7, Equation 2.2] and the proof of [7, Lemma 2.3]. =

6. Temporal H'/2-setting for evolving domains
In the rest of the paper we will make use of the Sobolev—Bochner spaces stated in Table 1.
Here,

HY (D) = {u € L2(D) < lullgsry < o0} with [ull2 ) = a2y g+ lluls

2 _ |u(r) - u()|?
and |u| S(I)_[ de‘l’dl,



Transmission problems and domain decompositions for parabolic equations on evolving domains 21

0; = H) (Ry; H1(2;(0))) N L?(Ry; Vi(0))

Ui=Hp, o (Re) NLY (Ry) U} = Hp g, (R 0 LG ) (R
W= H o (R 0L o (R W=Hg RN LT, o (R
W; = H(léz) L (B4 N LY, (RY) W; = HlL/f(Q J(R) N LY (Ry)
W= H ) ooy RN Lo (R WE=HSo (RN, o (R
Z=H/ (RN LL(RY)

Table 1. Sobolev—Bochner spaces used in Sections 6 to 8.

for s = 1/2 or s = 1/4 and on the time intervals I = R, or I = R. Furthermore, H(o )(R+)
is the temporal Lions—Magenes space, i.e.,

Hig (R = {u e (R s enu € HER)Y with Nullgre o ) = llewullng),

where er denotes the extension by zero from R, to R. We will also use the notation

a;(u,v) =di(¢_u,d_v) +c;(u,v), where

d,-(u,v)z—// u 0;v|Jy| dxodr and ci(u,v)z// aVu - Vv + Buv dx,dt.
R, JQ; (0) Ry JQ; (1)

We denote the corresponding bilinear forms on the whole domain Q by a, d, c.

As already stated in the introduction, analyzing the equivalence between the weak form of
the original parabolic equation (13) and the transmission problem (2) is difficult in the space
of solutions with temporal regularity of the form ¢_u € Hj (Ry; H~'(2;(0))), compare with
the weak solution in Theorem 5.7. Instead we observe that the abstract interpolation result [7,
Equation 2.24] together with the identification [H'(Q;(0)), H™'(€;(0))]1/2 = L?(2;(0)),
compare with [26, Lemma 12.1], gives

[Hy (Res H™H(Q4(0))), L7 (R H' (Q4(0)) |, = Hig? (R L2 (€4(0))).

1/2

Hence, Q; is embedded into H (0.)

(Ry; L2(€;(0))), and we obtain
Qi = ¢-(W;). (24)

The embedding H} (R+; H™'(2;(0))) N L2(Ry; H)(2:(0))) — ¢_(W?) also holds true,
see [7, Equation 2.25]. One possibility is therefore to consider the solution space, or trial
space, W; together with the test space W;.
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In preparation for the analysis of the transmission problem, we prove the existence of a
unique solution u € W; to to the parabolic equation on ; with inhomogeneous Dirichlet
boundary conditions. To this end, observe that the trace operators (18) can be restricted as

Tooi0): Hyg?y (R L2(Q4(0)) 0 L7 (Res H' (Q:(0))) —
H'* (R L2(990(0)) N L (Ry; H'/?(09;(0)))  and
Tio: - (W) = y_(2),

where the new operators are all linear, bounded, and surjective, see [7, Lemma 2.4] and [11,
Lemma 4.4]. We also recapitulate the existence result for the heat equation on Q;(0) with
inhomogeneous boundary conditions, see [7, Corollary 2.11].

Lemma 6.1. If Assumption 2.1 hold then for every € y_(Z) there exists a unique solution
u € Q; to the heat equation

(u,v) = / / —udv+Vu - Vodxodt =0 forallv e ¢_(UL(-)), (25)
Ry Qi(o)

such that T; pu = 7.

Note that Lemma 6.1 implies that the restricted operator Ti,0| ., 1s bijective, where
L={ueQ;:1l(u,v)y=0forallv e ¢_(UL(-))}

is a closed subset of ¢_(W;). The open mapping theorem then yields that the solution
operator
Rio=(Tio| )71 ¥-(2) > Q1. nou

to (25) is alinear and bounded map. Furthermore, R; g is also aright-inverse to 7; o: ¢_ (W;) —
W _(Z). Next, we introduce the trace operator from the evolving domain €; to the evolving
interface I" by

Ii=yTiop-: Wi = Z,

which again becomes linear, bounded, and surjective. This trace operator has a bounded
right-inverse given by
R,‘ = ¢R,"0(!/_I Z > Wi.

Lemma 6.2. If Assumptions 2.1, 5.2, and 5.3 hold, then for everyn € Z and g € L? -(Ry)

there exists a solution u € W; to
a;(u,v) =(g,v) forallve U?, (26)
suchthat Tiu =n, ¢_u € Hé (R+;H_1(Qi(0))), and

lullw, < Clgll2 &,y +nllz)- 27)
H™1(Q;)
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Proof. Let n be an arbitrary, but fixed, element in Z. First we prove that a;(u,,, -) can

be extended to an element in Lir L) (R,), where u,, = R;n € W;. To this end, consider

Ve ¢,(U?). As |J;lv € q),(U?) by Lemma 5.6 and ¢_u,, solves (25), we have

di(¢—uq,v)=—// ¢ttty B0 |J; | dxode
R, Qi(o)

= [ [ o 0500 - (i) s
R, JQ, (0)

:/ / _V(¢—t”77)'V(|JI|U)+at(|-]t|)¢—zunv)dx0dt.
Ry JQ;(0)

The assumptions on J together with the bound ”u””Lzl(gA)(&) < ||Rinllw, < Cllnllz yield

that
|ai(u7]’v)| < |di(¢—ut77 ¢—U)| + |cl-(u,,,v)|

< ||J||L°°(R+;W‘v°°(3r))”u"”Li,u(Qi)(R*)“U”I‘zl(ﬂl—)(R‘)
" ||J||W1’°°(R+;L°°(Br))”MUHLZLZ(QI.)(R*)|IUI|L2LZ(Q,')(R+)
+ C””n”LZ,(Qi)(Rﬁ ||U||L2](Qi>(R+)

< Clinlizllellzy, e

for every v € U. As Do € U} is dense in L7, (o) (R+), by Lemma 5.4, the above bound
0 4

implies that a;(u,;, -) can be extended to a Lé_l @) (R,)-functional.

Secondly, we construct a solution to (26) with the inhomogeneous boundary data 7.
By Theorem 5.7 there exists a solution ug € Wl.o to the equation

a;(ug,v) =(g,v) —a;(uy,v) forallve Ul-0

such that ¢_ug € H)(Ry; H~'(Q;(0))) and

1/2
o llw, < CIG-10l2 51 09 *+ 19 (D40 as i1 cconyy)

< C(llgll,2 oomyt llai(uy, )2 ) (R+))
H=1(Q;) H-1(©Q)
<Cligllz . qayy +lnllz)-
H=H(Q;)
Hence, u = ug + u,, € W; solves (26) with T;u = 0 + 1,
d_u=¢_up+Rio¥-ne Hé (R+;H_1(Qi(0))), and
lullw, < lluollw; + IRinllw, < C(IIgIILz_uQ‘)(Rn +Inllz) + Clinllz,

which concludes the proof. ]
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Introduce the space
Do ={ueli,q, (Re): d-u€Cy (R X By)}.
Lemma 6.3. IfAssumption 2.1 holds, then Dy is dense in both Hi/zz(g_) (Ry) and H(léz_) L2 (Ry).

Proof. By [26, Theorem 11.1], one has that C;*(R,) is dense in both L*(R,) and H'/%(R,).
Then the interpolation

Hi? (Ry) = [Hy(Ry), L (Ry)]
see [26, Theorem 11.7, Remark 2.6], implies that H\(R.) is dense in H(lé"’_)(&). By
definition of H,, !(R,) and [26, Proposition 2.3], one obtains that Cy (Ry) is also dense in

g2 1/2 1/2
(g ' (R,). The density of Dy in HL/2 o) (Re) and H(é ) 120y (R+) then both follow by
the very same tensor argument as in Lemma 5.4. ]

Lemma 6.4. If Assumptions 2.1, 5.2, and 5.3 hold, then the map v v |J|v is continuous on
g2
Proof. Under the assumptions it is clear that |J|v € L?(Ry; L*(Q;(0))) for every v €

HY? (Re: L2(Q:(0))). and

2
|||J|U|| 1/2 (R L2(9Q;(0))) ”eR(|J|U)”HI/Z(R;LZ(Qi(O)))

1T o() = [T |u(2)||?
/ / L O) 4oy

(t—-1)2
[[FARIGI
o [ O i,
Ry

The integrals K>, K3 are trivially bounded by |||l , 1

L (Ry; L (Q:(0))).
Next, denote the integrand of K| by p(t,t). Then, as p(t,t) = p(¢,7), one has the
equality

Kl=2/+/Otp(r,t)drdt=2(/100/0H+/lw/t_tl+/01/Ot)p(r,t)drdt

=L+ +1.

“lJIU”LZ(R L2(Q;(0))) — Kl +K2 +K3'

(RAL2(2,(0))) as |J| is an element in

On I,’s domain of integration one has that (7 — t)_2 <1,ie.,

2 2
It < CWVNZs gL @00 10122, 002 05 0))) -
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The assumption |J| € W (R,; L®(Q;(0))) implies that

1z 1o(7) = VeloO 2000y = 12| = e Do(2) = [T [((7) = v L2, 0))
< AV lwre mysze @i 0))) (T = D0 220 0))
+ Mz =@ 0 10(7) = o)l 120 0)) -

for a.e. 7,¢ € R;. Employing the above bound to the integrand p yields
=) t
2 2
R —t ( [ dr) 10012 g 0 9

w pr () — (D)2,
X L2(94(0))
+ Cl 7o o102 0))) /1 /1—1 (t—1) drdr

2
< C||U||H1/2(R+;L2(Qi(0)))'

The final integral /3 can be bounded in the same fashion as /5. ]
Lemma 6.5. If Assumptions 2.1, 5.2, and 5.3 hold, then the bilinear form

di(¢-()0-)): H) o) (Re) X Hps ) (RY) = R

can be continuously extended to H (1(4’2.) L2 (Ry) x Hi/zz( ) (Ry), and the extension satisfies
di(¢_u, _u) 2/ / (1/2V - w)u? dx,dt (28)
Ry JQ; (’)

1/2
forallu € H(é’.)Lz(Qi)(RJr).

Proof. First observe the characterizations (cf. [12, Section 2])
H'?(Ry; L2(Q:(0))) = {u € L*(Ry; L*(Q:(0))) : eeventt € H'*(R; L*(2:(0)))},
Hggf>(R+;L2(szi(0))) = {u e L*(R; L2(24(0))) : epu € H?(R; L2(2;(0)))},
together with the equivalent norms
el g1z mesr2 @i 0))) = Nl€eventtll gz v:r2 (o, 0))»
||”||H(1(§ﬁ)(R+;L2(sz,-(o>)) = llerull g1z w22 (0 (0)))-

Here, the operators eeyen, ex : L2 (Ry; L2(€;(0))) — L*(R; L2(€;(0))) denote the even
extension and the extension by zero, respectively, in the temporal direction.

The bilinear form d; (-, -) : H(l(/)2_) (Ry; L2(:(0))) X ¢—(Dy) — R then satisfies the
bound
ol =| [ [ ol =| [ [ ex(ndeom) doar
R, J©;(0) R JQ;(0)

< Cller (el | g2 v, 22 (9, (0))) ll€eventll 12 r. 24 (0))) (29)

< Cllullyie @z @ 1Pl 2 e @0
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where the first inequality follows as in [11, Section 5] and the second one holds due
to Lemma 6.4.

By Lemma 6.3, the set ¢_(Dy) is dense in H'/?(R,; L?(€;(0))). Hence, (29) yields
that d; can be continuously extended to H(l(;,%) (Ry; L2(9;(0))) x H'/?(Ry; L2(€:(0))), and

di(9-().-O)): HY? oo (R X Hibo (By) — R

is then also a well defined, bounded bilinear form.

Finally, applying Lemma 5.5 to an element u € Do ¢ H 22 @) (R,) and observing that Dg

is dense in H(léz_) @) (R4), see Lemma 6.3, yields the lower bound (28). [ ]

Lemma 6.6. If Assumption 2.1 holds, then U; and U? are dense in W; and Wlp, respectively.

Proof. We first consider the density of U;. Introduce the mollifier ¢ € Ci°(R) with the
property [ ¢(1)dt = 1 and let ¢ (1) = &~ ¢(¢7"1) for & > 0. For every

v e H'(R: L2(@:(0))) 0 L*(R: V(0))

the convolution v, = ¢, * v is an element in L?(R; V;(0)) and {v} converges to v in the
same space as ¢ tends to 0%, see, e.g., [20, Lemma 1.2.30 and Proposition 1.2.32].

Recall the vector-valued Fourier transform ¥ on L? (R; LZ(Q,-(O)))C, see [20, Sec-
tions 2.4]. The Fourier characterizations of convolutions and derivatives then imply that
F(ve) = F(pe)F (v) and dyvs = (9; @) * v. The latter implies that

ve € H'(R; L2(2:(0))) N L*(R; Vi(0))

for all € > 0. Furthermore, the Fourier characterization of H'/2(R), see [33, Lemma 16.3],
yields that
T 2 2 1/2
0= (IVIOT 2 w000 * 112 2000 00))
is an equivalent norm on H'/? (R; L*(©;(0))). Due to the temporal H 112_regularity of v,
one has that w = F~14/i(-)Fv € L?(R; L*(©;(0))) and

||U - UE”%"II/Z(R;LZ(Q[(O))) S C”(l - TQDE) Vi(.)?-U”iz(R;Lz(Qi(())))C

2
+ v - Us“LZ(R;LZ(Qi(O)))

< Cllw = ¢z *wll7, + v -

2
(RL2(24(0))) Vallz2mir2 0 0)))-

The above bound together with [20, Proposition 1.2.32] implies that v, also converges to v
in H'2(R; L2(Q;(0))).
Next, let u € ¢_(W;) and observe that the even extension in time

eeven: ¢ (W) — H'?(R; L2(Q:(0))) N L*(R; Vi (0))
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is a well defined map. Furthermore, the restriction rg, v = v|g, @, (0) is @ bounded left-inverse
tO €eyen- Set s = rr, (@g * €eyentt) € ¢_(U;). The previous argumentation on R then gives
us the limit

[lu - us“gj_(Wi) = ||rg, (€eventt — @& * eevenu)”¢_(Wi)
< Clleeventt — Pe * eevenu||H1/2(]R;L2(Qi(O)))HLZ(R;Vi(O)) -0

as ¢ tends to 0*. Hence, ¢_(U;) is dense in ¢_(W;). The proof for U; is then completed by
recalling that ¢: H'/2(R; L*(Q;(0))) N L*(R; V;(0)) — W; is isomorphic with an equiva-
lence of norms.

The same argument holds for U? simply by replacing V; with HO1 (). ]

Corollary 6.7. If Assumptions 2.1, 5.2, and 5.3 hold, then the bilinear form
a;: W; x U; — R can be continuously extended to W; X W,, and the extension satisfies

2
a;(u,u) > c||u||L;l(9_)(R+) forallu e W;. (30)
Proof. By Lemma 6.5 one has the bound
lai(u,v)| < |di(¢-u, p-v)| +|ci(u,v)|
< C(llull e lleell 12 +[ull 2 lloll .2
( H(o,-)LZ(nl-)(R*) HLZ(QL_)(RQ LH1<Q,->(R*) LHI(szi)(R*))

< Cllullw;lvllw,

for all u € W; and v € U;. As U, is dense in W;, via Lemma 6.6, the above bound implies
that a; can be continuously extended to W; x W;. The lower bound (30) follows directly by
combining (28) with Assumption 5.2. |

This temporal H'/?>-framework now gives a unigue solution to the weak parabolic
equation on £2; with inhomogeneous boundary conditions.

Corollary 6.8. If Assumptions 2.1, 5.2, and 5.3 hold, then for everyn € Z and g € L%/'* (Ry)
there exists a unique solution u € W; to the equation

a;(u,v) ={g,v) forallve VNVI-O 3D
such that Tu =1, ¢_u € H)(Ry; H~'(Q;(0))), and u satisfies the bound (27).

Proof. According to Lemma 6.2, there exists a solution u € W; to (26), with the desired
properties. The density of Ul(.) in W? together with the extension of a;, see Lemma 6.6
and Corollary 6.7, then implies that u is also a solution to (31). The uniqueness of the
solution follows directly by (30). |

The same H'/?-extension that has lead up to Corollaries 6.7 and 6.8 trivially gives that
the weak problem on Q with homogeneous boundary conditions, i.e.,

a(u,v) = (f,v) forallveW, (32)

27
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has a unique solution u € W with ¢_u € H}(R.; H~'(2(0))).
Letting g = 0 in Corollary 6.8 yields the bounded linear solution operators

Fi:7Z—> W, neu (33)

such that T;Fin = n, ¢_F;n € Q; and u = F;n solves (31) with g = 0.
Moreover, setting = 0 yields the bounded linear solution operators

Git Ly g (R = WP, gou

such that u = G;g solves (31). Here we use the fact that every g € Lil-l(sz«) (R;) can be

interpreted as an element in L%’S‘ (R,) by restricting g to L%,i (R.). (This restriction is not an
injective map.)

7. Transmission problems on evolving domains

In this section we analyze the transmission problem on the evolving domain decomposi-
tion (2). The weak formulation of (2) is to find (u1, us) € W; X W5 such that

ai(ui,v;) = (fi,v;) forally; e W2, i=1,2,
Tvuy = Thuy, (34)
Sy ai(us, Fyp) = (fi, Fopty = 0 forall u € Z.

We introduce the spatial restriction operators
qi0: U= ulg xo,0) and gi=dqiod-,

where the maps g;: W — W; and g; : W — W; both become well defined and continuous.
With the derived setting we are now able to “cut” and “glue together” functions without
losing spatial or temporal regularity.

Lemma 7.1. Suppose that Assumption 2.1 holds. If u € W, then
(ur,uz) = (qiu, gou) € Wi x W
and Tyuy = Truy. Conversely, if (uy,uz) € Wi X Wy and Tyuy = Truy, then u = ¢v with
v={¢_uy onRy xQ(0),p_ur on Ry X Q>(0)}
satisfies u € W. Moreover, the same holds for u € W and (uy,u2) € Wi x Wa.

Proof. First, suppose that u € W. Then, as ¢_ is an isomorphism on intersection spaces,
we have

¢-u e H? (R LX(Q(0))) N L2 (Ry; HY(R(0))).
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It follows from [12, Lemma 5] that

qi0(¢-u) € H 2 (Ry; L2(Q4(0))) N L2 (R Vi(0))

and 71,0 (¢-)lr, xq,0) = T2.0 (9-1)lr, x0,(0)- APplying the isomorphism ¢ yields that
u; = q;u € W; and the definition of 7; gives Tju; = Thus.
Conversely, suppose that u; € W; and Tyu| = Tou;. Then we have

12

¢-u; € H(O,.)

(Ry; L2(Q:(0))) N L* (Ry; V;(0))

and by the definition of 7; we have T o¢_u; = T2 o¢—u2. Therefore, it follows from [12,
Lemma 5] that
V= {¢_u1 on R+ X Q] (0), (f)_uz on R.,. X QQ(O)}

12 (R L2(Q(0)) 0 L2 (R HY((0)).

Thus, we have u = ¢v € W. The argument for W and W; is the same since it also holds on
the reference cylinder R, X ©(0) according to [12, Lemma 5]. |

eH

Lemma 7.2. If Assumptions 2.1, 5.2, and 5.3 hold, then

2
a(u,v) = Z a;i(qu, q;v)
i=1
forallu e Wandv e W.

12

Proof. First, letu € H(0 y

(R4+; L*()) and consider the restriction operator
gio: H'? (R L2(Q(0))) — H'Y2(Ry: L2(Q:(0))),

which is continuous. The same holds if H'/? is replaced by H (162) For v € ¢_(Dy) we have
4:,0(0rv) = 0;(gi,0v) and

2

dwo == [ [ wdlsiasndr=Y = [ [ ud(gio0ldvoar
®. JQ(0) = Jr.J2i0)
2
= > di(qiou.qiov).
i=1
By Lemma 6.3, we have for every v € H ,[/22 o (R,) that there exists a sequence {v,} € Dy

that converges to v. Then the continuity of d, d;, ¢_, and g; o gives
2
d(p-u,¢-v) = lim d(¢-u,¢-va) = lim >" di(gi.0(¢-u), i.0(¢-0s))
i=1

= Z di (Qi,0(¢—u)’ Qi,0(¢—v))'

2
i=1

29
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Second, let u € Lzl © (Ry). As u(r) € H (Q(1)) for a.e. t € R,, one obtains
0

(V”(I)Hgi(;) = V(”(t)lﬂi(t)) and
u(®)|g, 1y = u(t) o (rlg,0) © Ptlg; 1)) = (¢—t”(t))|gi(0) o D_tlg, (1) = (qiu)(2)

for a.e. r € R,. Hence, for every u,v € Lzl (Q)(R+) we have
0

2
c(u,v) = / / aVu - Vo + Buv dx,dt = Z/ / (@Vu - Vo +B”U)|Q,»(t) dx,dr
Ry JQ(1) i=1 YR+ Q; (1)
2

2
= ;/R /sz,m aV(qiu) - V(qv) + B(qiu)(q;v) dx,dr = Zci(qiu,qiv).

i=1
Combining these results for u € W and v € W gives the sought-after equality. ]

Theorem 7.3. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. The transmission problem
is equivalent to the weak problem in the following way: If u solves (32), then (uy, u3) =
(q1u, gau) solves (34). Conversely, if (uy,u;) solves (34), thenu = pv withv={¢p_u; on Ry X
Qi, ¢_uy on Ry X Qo} solves (32).

Proof. Suppose that u € W solves (32). Then
(u1,u2) = (q1u, gou) € Wy x W

and Tyu; = Toup by Lemma 7.1. Moreover, let v; = ¢w; € W? with w; = {¢_v; on Ry X
Q;,0onR; x Q3_;} fori = 1,2. It follows by Lemma 7.1 and (19) that w; € W. Therefore,
by Assumption 5.2 and Lemma 7.2 we have

a;(ui,v;) = a;i(qiu, qiw;) = a;(qiu, qiw;) + az—;i(q3-iu, g3-;w;)

a(u,w;) = (f,w;)

(fi, qiw) + (f3—is q3—iwi) = (fi, vi).

Now let u € Z and define v = ¢pw by w = {¢_Fju on R, X Q;(0), p_Fru on R, X Q(0)}.

Since T1 Fiu = T> F>u we have that v € W according to Lemma 7.1. Thus Assumption 5.2
and Lemma 7.2 again yield

2 2

D ailui, Fop) = alu,0) = (f,0) = > (fis Fipt)
i=1

i=1

and we have now shown that u satisfies all three equations of (34).

Conversely, suppose that (11, u) solves (34) and define u = ¢v with v = {¢_u; on R, X
Q1(0),¢_uy on Ry x €, (0)}. Since Tyu; = Truy we have thatu € W according to Lemma 7.1.
Now let v € W and define (v, v2) = (g1v, g2v), which satisfies v; € W; and Tjv; = Thv, again
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by Lemma7.1.If we define u = T;v; thenv; — Fu € Wlp by (19). Therefore, by Assumption 5.2
and Lemma 7.2, we have
2 2

a(u,v) = Za,-(ui,v,-) = Z a;(uj,v; — Fiu) + a;(ui, Fip)

i=1 i=1
2 2

= D fovi= Fap) + (fis Fipt) = D (frsvi) = (f.0),
i=1 i=1

which means that u solves (32). [

8. Steklov—Poincaré operators and convergence of the Robin—Robin
scheme on evolving domains

The Steklov—Poincaré operators S;, S: Z — Z* are defined as
(Sim, p) = ai(Fim, Fip)
and S = §1 + S». Moreover, we define the functionals y;, y € Z* as
Wis 1) = fis Fip) — ai(Gi fi, Fip),
and y = x1 + x2.

Remark 8.1. Although the bilinear forms a; have different trial and test spaces, the Steklov—
Poincaré operators have the same trial and test spaces, i.e., S;: Z — Z*. This is due to the
fact that the spaces W; and W; share the trace space Z, see [7, p. 507].

We will now prove the main properties of the Steklov—Poincaré operators, namely that
they are bounded and coercive. We first have the following lemma, which is important for
the coercivity of the Steklov—Poincaré operators.

Lemma 8.2. If Assumptions 2.1, 5.2, and 5.3 hold then
IEmllw, < CllFmllz - (&,
HI(Q))
for everyn € Z.

Proof. By the definition of F; in (33) one has ¢_F;n € Q;, and the embedding (24) then
yields the bound

1/2
”Fln“VV, < C(”¢—Fin”12(R+;H1(Qi(o))) + ||at¢—Fin||iZ(R+;H—l(Qi(o)))) /

Furthermore, as u = F;7 is a solution to (31), the same calculations as in (22) together with
the bound (23) for g = 0 gives

10:p-Finll 2 (m, .51 (0 (0))) < C||Fi77||LZI(Q‘)(R+).

Combining these results gives the desired estimate. ]
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Theorem 8.3. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. Then the Steklov—Poincaré
operators S; are bounded and also coercive, i.e.,

(Sip.m) = clnllz forallne Z. (35)
Moreover, a similar result holds for S.

Proof. By Corollary 6.7 and the fact that F;: Z — W; is bounded we have

[(Sin. )| = |ai(Fim, Fy)| < CllFllw, IFipllw, < CIlEmliw, | Fipllw, < Clinllzllullz
for all 7, u € Z, which shows that S; is bounded. It follows from (30) and Lemma 8.2 that
(Sim.n) = ai(Fm, Fin) 2 cl|Fimll3. CmnZ cllFmlly, = clTiFmll = clnlly

H'(Q;)

for all n € Z. Thus S; is coercive. The result for S follows by summing the inequalities
for S;. [

The properties of S; and S immediately yield that the operators satisfy the assumptions
of the Lax—Milgram theorem and therefore we have the following corollary.

Corollary 8.4. The Steklov—Poincaré operators S;, S: Z — Z* are isomorphisms.
The Steklov—Poincaré equation is to find 7 € Z such that
Sn=x. 36)

The following result is an immediate consequence of the definitions of the Steklov—Poincaré
operators.

Lemma 8.5. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. The Steklov—Poincaré
equation is equivalent to the transmission problem in the following way: If (11, u3) solves (34)
then n = T;u; solves (36). Conversely, if n solves (36), then (Fin + G f1, Fon+ Gafz)
solves (34).

Any non-overlapping domain decomposition method can be formulated as an interface
iteration to solve (36), see, e.g., [11,12,31]. We first consider the Robin—Robin method. For
a parameter 5o > 0 and an initial guess 77(2) € Z, the interface iteration of the Robin—Robin

method is given by finding (n},7n}) € ZXx Z forn = 1,2, ... such that
(soR + S0} = (s0R = Sy~ +x 37
(soR +S2)n5 = (soR = Sn} + x-

Here, R denotes the Riesz isomorphism defined as

R: Liz(l—‘) (R+) - LiZ(F) (R+)*9 M= (H’ ')Liz(r) (Ry)-

The following result follows as in the case of elliptic problems [10, Lemma 6.3]. To be
precise, we are referring to the weak formulation of (3), which is of the same form as in the
case of elliptic problems [10, (5.2)].
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Lemma 8.6. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. The Robin—Robin method
and the Peaceman—Rachford iteration are equivalent in the following way: If (ul, u%)n>1
solves (3) then (', 15)n>1, defined as 0} = Tyu?!, solves (37) with r]g = Tzu(z). Conversely,
if (Y. n%)nz1 solves (37) then (u},u})n>1, defined as u}! = Fin}! + G, f;, solves (3) with
I/tg = Fz]]g + szz.

The second method we discuss is the Dirichlet—-Neumann method. For a method
parameter s; > 0 and an initial guess 7° € Z, the interface iteration corresponding to
the Dirichlet-Neumann method is given by finding " € Z for n = 1,2, . .. such that

" =" s Sy e = S, (38)

Finally we consider the Neumann—Neumann method. For two method parameters s>, s3 > 0
and an initial guess 7° € Z, the interface iteration corresponding to the Neumann—Neumann
method is given by finding (n",/l",/lg) € ZxZxZforn=1,2,...such that

{S,-/l;“ =x-Sp"! fori=1,2, 9,

" ="+ 5T + 5345,

Analogous results to Lemma 8.6 holds for the Dirichlet-Neumann and Neumann—Neumann
methods. The following result gives that the three methods are well defined.

Corollary 8.7. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. The Dirichlet—Neumann,
Neumann—Neumann, and Robin—Robin methods are well defined in the sense that each step
of (37) to (39) has a unique solution.

Proof. For the Dirichlet—-Neumann and Neumann—Neumann methods the results follow
immediately from Corollary 8.4 since this implies that the interface iterations have unique
iterates. For the Robin—Robin method the result also follows since

(R, 1) = II#IIQLi2(F) 20 forallpez,

which means that soR + S; is coercive and therefore an isomorphism for all sg > 0. [

In order to illustrate the applicability of the derived framework, we will next prove
convergence of the Robin—Robin method. We begin by introducing a particular Gelfand
triple.

Lemma 8.8. If Assumption 2.1 holds, then Z is densely embedded into L2L2 ) (Ry).

Proof. Note firstof all that Z < L2, _ (R,) is clearly a continuous embedding. For density,

L*(I)
letn e LiZ(r) (R,) and define

p=y-n e L*(Ry; L*(T(0))).

33



34 A. Alphonse, A. Djurdjevac, E. Engstrom, and E. Hansen

Now recall that H'/4(R,) is dense in L?>(R,) and A(0) is dense in L2(I'(0)), see [10,
Lemma 4.2]. Therefore the algebraic tensor product space H 4(R,) ® A(0) is dense in
L? (R+; LZ(F(O))), see [35, Theorem 3.12]. It then follows that the larger space

H'*(Ry; LA(T(0))) N L2 (R4; A(0))
is also dense in L? (R+; LZ(F(O))). Hence, there exists a sequence
pn € H' (Ry; L2(T'(0))) N L2 (Ry; A(0))

that satisfies 1, — p in L?(Ry; L?(I'(0))). It immediately follows from the fact that i is
an isomorphism that the sequence 1,, = Y u,, satisfiesn, € Z andn,, — nin Liz ) (Ry).

Since n was arbitrary this shows that Z is dense in Liz ) (Ry). |

By Lemma 8.8 together with the fact that Z and L2L2 ) (R, ) are Hilbert spaces, we have
the Gelfand triple
Z > L (Ry) = Z7,

with dense embeddings. We recall the Riesz isomorphism R: L7, o ®Be) = L2, (R
(Rn.p) = ()2, (g, forallpelLy, —(R),pucZ (40)
12y ()
We trivially have the bounds
2
[(Rn, )| < ||77||Liz(r)(R+)||ﬂ||Li2(r) &, forallpeli, (Ry),ueZ (41

and
2
(Rn,n) = ”’7”L;2(F)<R+) foralln € Z. (42)

The variational framework appears to be too general for analyzing the convergence of the
Peaceman—Rachford iteration. Therefore, we introduce the Steklov—Poincaré operators as
affine unbounded operators on Li (R,) before we prove that the iteration converges. To
this end, let

2(I)

D(S)={neZ:Sm—yi € L2 ()},
D(S)={neZ:Sn~x €Ly, (R)"Y,
and define the unbounded affine operators
Si: D(Si) € Ly (Ry) = L ) (Re) 2> R™H(Simp = xa),

S:D(8) € Ly (Re) = Lz (Re) 17 = R™H (S = x).
In Liz ) (R,) the Steklov—Poincaré equation is to find 7 € D(S) such that

Sn=0 (43)
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and the Peaceman—Rachford iteration takes the following form: For eachn = 1,2, . . ., find
(n},m5) € D(S1) x D(8,) such that

{(sons])n;’ = (sol = S)ni~",

N " 44)
(sol +S2)n5 = (sol = S1)ny.

Here, ng € D(S8;) is a given initial guess. We now verify that (43) is indeed a restriction of

the weak Steklov—Poincaré equation (36).

Lemma 8.9. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. If n € D(S) solves the L*-
Steklov—Poincaré equation (43), then n also solves the weak Steklov—Poincaré equation (36).

Proof. From (43) we have
-1 _ 2
(R (ST] _X)7#)Liz(r)(R+) =0 for all:u € LLZ([‘)(R+)-
Therefore, we get by (40) that
(Sn—x, 1) = (R (Sn - )(),,U)Liz(r) ® =0
forall u € Z. [ ]

A similar result holds for the Peaceman—Rachford iteration. The proof is left out since
it is similar to the proof of Lemma 8.9.

Lemma 8.10. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. If (17}, 1y )n>1 solves the
L?-Peaceman—Rachford iteration (44) with r]g € D(Sy), then (n',15)n>1 also solves the
weak Peaceman—Rachford iteration (37) with the same initial guess.

Lemma 8.11. Suppose that Assumptions 2.1, 5.2, and 5.3 hold. Then S;, i = 1,2, satisfy
the monotonicity property

(Sin - Sip,n— “)L?m @& Zclln—ply  foralln,ue D(S). (45)

Moreover, for any sy > 0 the operators sol + S;: D(S;) — L2L2(F) (Ry), i = 1,2, are iso-
morphisms. Similar results hold for S. In particular, there exists a unique solution to (43)
and the iteration (44) is well defined.

Proof. The monotonicity follows from (35) and (40), since
(Sin = Sip.m - :u)LiZ(l_) ®y) = ((Sin = xi) = (Sipe = xi),m — )
= (Si(n —w),n — ) = clln — pll%

forallp,u € D(S;). Letu € Liz(r)(RJr) be arbitrary. Then y; + Ru € Z*, and by Corol-
lary 8.4, there exists a unique 77 € Z such that (soR + S;)n = x; + Ru in Z*. Rearranging
yields that S;n — y; = R(u — son) € LZLZ(F) (Ry)*, i.e., 7 € D(S;) with

(sol +Si)n = son + R~ (Sin — xi) = p.
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Thus, we have shown that (so/ + S;) is an isomorphism. The proof for S is similar and is
therefore left out. ]

In order to proceed with the convergence analysis, we require the following regularity
of the solution to the weak parabolic equation (32).

Assumption 8.12. The functionals

#Hai(Qiu’Fiﬂ)_<fi’Fi:u>’ i=1’2’

are elements in Lsz(r) (Ry)*, where u € W is the solution to (32).

This assumption is somewhat implicit, but can be interpreted as the solution u# having a
normal derivative on I"in L7, ) (Ry).

Lemma 8.13. Suppose that Assumptions 2.1, 5.2, 5.3, and 8.12 hold. If nj solves the L2-
Steklov—Poincaré equation (43) thenn € D(S1) N D(Sy).

Proof. Letn € D(S) be the solution to (43). By Lemma 8.5 and Theorem 7.3, we have
the identification q;u = F;n + G, f;, where u € W is the solution to the weak parabolic
equation (32). Assumption 8.12 then yields that

w (Sin = xi, 1y = ai(Fin, Fp) + ai(Gi fi, Fip) — (fi, Fip)
=a;(qiu, Fip) — (fi, Fip)

is an element in LiZ(r) (Ry)*, ie., € D(S;) fori=1,2. n

Lemma 8.14. Suppose that Assumptions 2.1, 5.2, 5.3, and 8.12 hold. Let n be the solution
to the L*-Steklov—Poincaré equation (43) and (', 15 )n>1 be the L?-Peaceman—Rachford
iterates (44) with 77(2) € D(S,). Then we have the limit

(Sinf' = Simomf =myp2, g,y =0 (46)
L2(T)

as n tends to infinity.

Lemma 8.14 is a consequence of the abstract result [28, Proposition 1]. The latter requires
the monotonicity (45) and the fact that the solution to (43) satisfies n € D(S;1) N D(S»),
which follows from Lemma 8.13. A simpler proof of Lemma 8.14 can be found in [10,
Lemma 8.8].

We are now in a position to prove that the Robin—Robin method converges.

Theorem 8.15. Suppose that Assumptions 2.1, 5.2, 5.3, and 8.12 hold. Let u be the solution
to the weak parabolic equation (32) and n be the solution to the L*-Steklov—Poincaré equa-
tion (43). The iterates (7,03 )n=1 of the L?-Peaceman—Rachford iteration (44) converges
ton, ie.,

iny =nliz+1llny —=nllz >0
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as n tends to infinity. Moreover the weak Robin—Robin approximation (u},u7),>1 converges
to (uy1,u2) = (q1u, q2u), i.e.,

) = willw, + lluy = uzllw, — 0
as n tends to infinity.

Proof. From (45) and (46) we obtain

I} =nll% + lns =7l
<C(Sm™ =Sman™ =mpe, @)+ (Sanh =St M2 @) =0
L2(I) L~(I)

as n tends to infinity. By Lemmas 8.5 and 8.6 and Theorem 7.3, one has the identities
(ur,uz) = (Fin+ G f1, Fan+ Gz fy) and  (uf,uy) = (F1n] + G f1, Fany + Ga f2).

This together with the limit above and the fact that F; is bounded yields that

lu} = willw, + lluy = wollw, = 1F1 (7} = m)llw, + 12075 = m)llw,
< C(lln} =nllz +lny =nllz) = 0

as n tends to infinity. ]
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